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Abstrat
The phase diagram of a uid onned between a planar and a onial walls modelling
the atomi fore mirosope geometry displays transition between two phases, one with a
liquid bridge onneting the two walls of the mirosope, and the other without bridge. The
struture of the orresponding oexistene line is determined and its dependene on the value
of the line tension oeient is disussed.
1 Introdution
The behavior of uids onned in nanosized strutures depends sensitively on the properties of
enlosing walls [1, 2℄. The equilibrium paradigm of suh inuene is provided by the apillary
ondensation phenomenon in a slit. Despite thermodynami onditions favouring the gas
phase in the bulk, the liquid phase may ll the spae between the slit walls [3℄-[7℄. The shift
of the gas-liquid oexistene line µ = µh(T ) in the slit with respet to its position in the bulk
system µ = µ0(T ) is desribed by the Kelvin law: µ0(T )− µh(T ) ∝ 1/h, where h denotes the
distane between the walls [8℄.
When the walls onning the uid are non-planar and are like in the AFM geometry then
one may expet formation of liquid bridge linking the opposite walls [9℄-[15℄ at thermodynami
onditions that favor gas phase in the bulk. The size and the shape of the liquid bridge depend
on system's geometry as well as on the thermodynami state speied, say, by temperature
and hemial potential. There exists an additional attrative apillary fore ating between
the walls linked by the bridge whih must be taken into aount during the Atomi Fore
Mirosope measurements [16℄-[20℄. Formation of the liquid bridge is also exploited in dip-pen
nanolithography [21℄-[24℄. There the existene of the bridge enables the ow of partiular type
of moleules from the tip of the AFM onto the planar substrate. The size of produed patterns
depends on the geometry of the bridge whih itself is ontrolled by the thermodynami state
of the system and its walls' geometry. These two examples already show that the knowledge of
preise thermodynami and geometrial onditions for the existene of liquid bridges together
with their morphologial properties is of ruial importane.
In this paper we investigate the morphologial phase transitions taking plae in 3d uid
onned by the walls resembling the AFM geometry. They onsist of a planar substrate and
the surfae of a one modelling the mirosope's tip. Our study is based on a marosopi
approah in the grand anonial ensemble with the purpose of onstruting the relevant phase
diagram and determining the possible shapes of the liquid-like bridge spanned between the
planar substrate and the onial tip. In partiular, we disuss the inuene of the line tension
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on the struture of the oexistene urve and examine the speial ases related to the lling
transition.
2 Shape of menisus
We onsider uid onned between two inert substrates, see Fig.1. The surfae of the lower
substrate (1) is an innite plane z = 0 and the upper substrate (2) forms an innite one
haraterized by the opening angle π − 2ϕ. The distane between the one's apex and the
plane z = 0 is denoted by h; the parameters h and ϕ ompletely haraterize the system's
geometry whih has ylindrial symmetry. In ylindrial oordinates the one is desribed by
equation r = a(z) = (z − h) cotϕ, where r =
√
x2 + y2 and z > h. The system under study
resembles the AFM-like geometry in whih the onial substrate (2) plays the role of miro-
sope's tip. In the limit ϕ = 0, h 6= 0 the geometry beomes that of a slit with two parallel
walls separated by the distane h. In another limiting ase orresponding to ϕ 6= 0 and h = 0
the onning walls an be obtained by rotating a two-dimensional wedge with the opening
angle ϕ around the axis perpendiular to one of the walls and interseting the wedge's apex.
This onning geometry might allow - under appropriate thermodynami onditions - for a
lling transition [25, 26℄. Thermodynami states of the uid are parametrized by temperature
T and hemial potential µ, and are assumed to be away from the bulk liquid-gas ritial point.
Our marosopi analysis is based on the grand anonial funtional Ω([f ], T, µ, h, ϕ) whih
is parametrized by the thermodynami state T, µ and geometri parameters h, ϕ. The allowed
shapes of the liquid-gas interfae r = f(z) are assumed to be ylindrially symmetri. The
equilibrium shape f¯(z;T, µ, h, ϕ) minimizes the funtional Ω and leads to the thermodynami
grand anonial potential Ω¯(T, µ, h, ϕ) = Ω([f¯(z;T, µ, h, ϕ)], T, µ, h, ϕ). To shorten notation
we shall refrain from displaying the dependene of analyzed funtions and funtionals on
parameters T, µ, h, ϕ from now on. Comparison of the grand anonial potential values or-
responding to onguration with and without the bridge allows us to tell whih onguration
is favorable under given thermodynami and geometri onditions, and to onstrut the rele-
vant phase diagram. In what follows we shall work with the funtional ∆Ω[f ] representing the
dierene between the grand potential orresponding to the state with a bridge and without
it. For pratial reasons, instead of temperature T we swith to angles θi, i = 1, 2 related to
the temperature-dependent surfae tension oeients σig, σil, and σlg, i = 1, 2 via the Young
equation [8℄
σig − σil = σlg cos θi, i = 1, 2 , (1)
where i stands for the i-th substrate. In what follows, the above relation will be applied also
to thermodynami states slightly o the bulk oexistene.
The funtional ∆Ω[f ] ontains the relevant surfae free energies and the appropriate bulk
ontribution for states o the bulk oexistene. Contrary to the two-dimensional version of
the this problem [27℄, in the present ase the line tension τilg ontributions related to the
three phase ontat lines where gas, liquid and the i-th substrate meet should be taken into
aount. The grand anonial funtional takes the following form
∆Ω[f ]
2πσlg
=
∫
dz

f(z)
√
1 +
(
df
dz
)2
+
f(z)2 − a(z)2Θ(z − h)
2λ

Θ(f(z))Θ(f(z)− a(z))Θ(z)
+
∫
dz
[
− cos θ1
f(z)2
2
δ(z) −
cos θ2
sinϕ
a(z)Θ(z − h)Θ
(
f(z)− a(z)
)]
2
+∫
dz
[
τ˜1lgf(z)δ(z) + τ˜2lg cotϕΘ(z − h)Θ(f − a)
]
, (2)
where parameters λ = σlg/∆µ∆ρ with ∆µ = µ0−µ ≥ 0,∆ρ = ρl−ρg > 0, and τ˜ilg = τilg/σlg
have dimension of length. The symbolsΘ(z) and δ(z) denote the Heaviside and Dira funtion,
respetively.
The equilibrium interfaial shape f¯(z) minimizes ∆Ω[f ] and fullls the equation
1
f¯(z)
√
1 + f¯ ′(z)2
−
d
dz
f¯ ′(z)√
1 + f¯ ′(z)2
= −
1
λ
(3)
supplemented by two boundary onditions
0 =
[
cos θ1 +
f¯ ′(z)√
1 + f¯ ′(z)2
−
τ˜1lg
f¯(z)
]∣∣∣∣∣
z=0
0 =
[
cos θ2 −
sinϕ+ cosϕf¯ ′(z)√
1 + f¯ ′(z)2
−
τ˜2lg
f¯(z)
cosϕ
]∣∣∣∣∣
z=z2
, (4)
where the oordinate z2 is suh that f¯(z2) = a(z2). The lhs of Eq.(3) ontains the mean
urvature [28℄ and thus the surfae of the bridge has onstant and negative mean urvature;
it is alled a onave nodoid [29, 30℄.
Note that after introduing the ontat angles γ1 and γ2
df¯
dz
∣∣∣∣∣
z=0
= −
1
tan γ1
df¯
dz
∣∣∣∣∣
z=z2
=
1
tan(γ2 + ϕ)
(5)
Eqs. (4) take the form of modied Young equations [31℄
cos γ1 = cos θ1 −
τ˜1lg
f¯(0)
(6)
cos γ2 = cos θ2 − cosϕ
τ˜2lg
f¯(z2)
. (7)
Unfortunately Eq.(3) supplemented by the above boundary onditions, Eqs.(4), an not be
solved analytially [32℄. One has to resort to numerial proedures and we hoose the shooting
method [33℄. For a given starting point z2 > h the quantities f¯(z2) and f¯
′(z2) are hosen
in aordane with the boundary ondition in Eq. (7), and the funtion f¯(z) is onstruted
towards the point z = 0 by solving Eq. (3). One the point z = 0 is reahed, the boundary
ondition in Eq. (6) is heked. If it's fullled then the onstruted funtion is aepted as
f¯(z) (see Fig. 2); if it's not then the whole proedure must be repeated for a new hoie
of the starting point z2. The existene of the solution of Eq.(3) depends on the hoie of
the thermodynami state and the values of the geometri parameters. If there is no solution
f¯(z) to Eq.(3) then the stable phase of our system orresponds to the absene of a liquid
bridge. Fig. 2 shows interfaial shapes (broken lines) in ase of idential substrates, xed
distane h, zero line tension oeients, and three dierent hoies of angle ϕ; for referene,
the orresponding shapes in two-dimensional ase with the same hoie of parameters are
plotted (solid lines).
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3 Phase diagrams
When the grand anonial potential dierene is evaluated for solution f¯(z) of Eq.(3) then
depending on the sign of ∆Ω[f¯ ] three ases are possible: (a) ∆Ω[f¯ ] < 0  the bridge phase is
favorable, (b) ∆Ω[f¯ ] > 0  phase without bridge is favorable, () ∆Ω[f¯ ] = 0  two previous
phases oexist along a line in the (T, µ)-plane whih will be denoted as µ = µAFM(T ).
Before presenting the results for the urrently studied three-dimensional ase we reall that
similar analysis performed for the two-dimensional ase showed that both the Kelvin law for
apillary ondensation in a slit of width h and the omplete lling transition in a wedge (with
the opening angle ϕ) an be treated as speial ases of bridge formation [27℄. In partiular,
the lowest temperature at whih the bridge an be formed (for given angle ϕ) oinides with
the wedge lling temperature Tf (ϕ) (θ(Tf (ϕ)) = π/2−ϕ/2) whih is an inreasing funtion of
ϕ [25, 26℄ (system's geometry onstrains the range of angle ϕ to [0, π/2]). Upon rossing the
oexistene urve the system exhibits disontinuous phase transition: a bridge with irular
liquid-gas interfae is formed whose width ℓh ∝ 1/∆µ additionally depends on the opening
angle ϕ and beomes innite for parallel walls, i.e., for ϕ = 0. The dependene of the phase
diagram on parameters h and ∆µ enters via the produt h∆µ.
The phase diagrams obtained for the three-dimensional system in the ase of vanishing line
tensions, i.e., for τ˜1lg = τ˜2lg = 0 do not dier qualitatively from those in two dimensions, see
Fig.3. Both for two and three dimensions the oexistene line µAFM is a dereasing funtion of
the angle π/2− θ. Obviously, the oexistene lines in two- and three-dimensions are idential
in the speial ase of a slit orresponding to ϕ = 0. Similarly as in two-dimensions, the
lling transition temperature plays a distinguished role; the AFM oexistene lines meet the
bulk oexistene tangentially at the value of parameter π/2 − θ orresponding to the lling
temperature Tf (ϕ). This partiular value is denoted as π/2− θ
∗
, where θ∗ = θ(Tf (ϕ)). Fig.4
presents the numerially obtained plot of π/2− θ∗ as funtion of angle ϕ. It is worthwhile to
note that the value θ∗ = 0 is reahed for ϕ = ϕ0 < π/2, where ϕ0 = 1.42. Tehnially, ϕ0
presents the largest value of angle ϕ for whih insribing a atenoid (orresponding to angle
θ = θ∗) into AFM-geometry is possible.
The above results were obtained within marosopi analysis whih does not take into
aount the interation between the liquid-gas interfae and the substrates as speied e.g.,
by the interfae potential ω(f) [34, 35℄. We note that the formulation of this problem on
the mesosopi sale in whih the interfae potential plays important role meets from the
very outset some basi questions related to the struture of the eetive Hamiltonian relevant
for the present geometry in whih the substrate's urvature varies along the AFM tip. One
possible way of dealing with these problems is to start the analysis from mirosopi level as
speied, e.g. by the density funtional theory [36℄-[39℄.
4 The role of line tension
In order to determine the inuene of line tension on the phase diagram's struture one must
know the line tension oeient's dependene on the thermodynami state of the system
within the range of interest here. In spite of rather vast literature on this subjet [40℄-[44℄
there is still lak of general statements appliable outside immediate viinity of the wetting
points where universal behavior is observed. We reall that the line tension oeient τilg an
be of either sign and its value hanges signiantly in the viinity of the wetting temperature
Twi, [45℄-[47℄. The behaviour of the line tension oeient near Twi depends on the order
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of the wetting transition and on the type of interation between partiles onstituting the
system. The universal property of this dependene is that the line tension oeient is an
inreasing funtion for T ր Twi, and the limiting value τilg(Tw) is positive for the rst-order
wetting (an be even innite for spei hoie of interations), and is zero for ritial wetting
[45℄.
In view of the lak of preise information on the dependene of line tension oeients on
hemial potential and temperature we shall estimate their inuene on the phase diagram
by assuming them to be onstant parameters. We shall examine the system properties orre-
sponding to dierent onstant values and, in partiular, both signs will be taken into aount.
For simpliity, in the following analysis we again onsider idential substrates, i.e., θ1 = θ2 = θ
and τ˜1lg = τ˜2lg = τ .
The line tension inuenes the grand anonial potential not only through its presene in
Eq.(2) but also via boundary onditions where it aets the ontat angles, Eqs(6,7). The
oexistene lines orresponding to dierent values of the line tension are shown on Fig.5. For
positive τ -values the shape of the oexistene line does not hange qualitatively with respet
to the τ = 0 ase; it is still monotoni, i.e., µAFM is an inreasing funtion of θ and ahieves
the lowest value at the wetting temperature where θ(T = Tw) = 0.
On the other hand, for τ < 0 the oexistene lines are not monotoni; they exhibit a loal
minimum and approah the bulk oexistene line µ = µ0 for T → Tw, see Fig.5. One an argue
for this type of behaviour at small θ values in the following way based on Eqs(6, 7): lose to
the wetting temperature both f¯(z2) and f¯(0) must inrease in order to keep cos γ1, cos γ2 < 1.
Thus the size of the bridge whih is proportional to the (µ0−µ)
−1
also inreases whih means
that µAFM approahes µ0.
The presene of line tension also inuenes the temperature at whih the oexistene lines
approah (tangentially) the bulk oexistene. For positive line tensions this partiular tem-
perature does not depend on the atual τ -value. For negative line tensions this temperature
dereases with | τ |. This behaviour is illustrated on Figs 6, 7.
For two-dimensional systems [27℄ and for three-dimensional systems with τ = 0 there is only
one quantity with dimension of length whih an be built out of the system parameters,
namely λ = σlg/∆µ∆ρ. The equation for the oexistene line (orresponding to ∆Ω[f¯ ] = 0)
an be rewritten as F0
(
θ, λh
)
= 0, where F0 is a dimensionless funtion. Thus the phase
diagrams displayed in variables π/2 − θ and µ − µ0(T ) measured in σlg/∆ρh do not depend
any more on height h. If one onsiders system with non-zero line tension then there is one
additional parameter with the dimension of length, namely τ˜ . This time the equation for the
oexistene urve takes the form Fτ
(
θ, λh ,
τ˜
h
)
= 0 and the oexistene lines orresponding to
dierent h-values are not idential unless τ˜ is properly resaled, see Fig.8.
5 Sizes of liquid bridges
The ruial aspet of the present analysis is that it deals with marosopi objets. In Fig.2 we
see that the shape of the bridges's surfae depends on the distane from the bulk oexistene
measured by µ − µ0. In this paragraph we would like to analyze the size of the liquid bridge
in more detail, and to see how it depends on parameters desribing the system.
As the measure of the width ℓ of the bridge we take the minimal value of f¯(z) in the
range of z = 0 to z = z2. In the ase of marosopi bridges onsidered in this paper their
width must be large ompared to the bulk orrelation length ξ whih we take to be of the
order ξ ≈ 0.1nm. The way the width ℓ depends on height h, angle ϕ, and the line tension are
depited on Figs 9-11. For temperatures θ ≤ θ∗(ϕ) the width of the bridge grows to innity
upon approahing the bulk oexistene whereas for θ > θ∗(ϕ) the width of the bridge ahieves
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a xed value for µ→ µ0(T ). Obviously, the latter situation takes plae only for negative line
tension oeients, τ < 0.
For small h-values and τ˜ ≈ 0.1ξ (for typial values of τ = 10−11J/m and σlg = 10
−2J/m2
the oeients τ˜ = τ/σlg are in the nanometer range) our marosopi analysis predits for
ϕ lose to π/2 the existene of bridges with width smaller than ξ. One has to treat these
results with aution beause suh situation requires more detailed approah than the present
marosopi desription, see [48℄ for similar arguments in the ase of wedge lling transitions.
We note that the minimal size of the bridge inluded into our analysis an not be smaller then
the largest among the parameters h and τ˜ whih have the dimension of length. This restrition
redues the range of parameters for whih reliable phase diagrams an be onstruted within
present approah.
6 Summary
We analyzed marosopially the formation of liquid bridges in AFM-like geometry in three
dimensions with the mirosope tip modeled by one. In the ase when the line tension is
not taken into aount the properties of the phase diagram displaying the oexistene of two
phases, one with the liquid bridge present and the other without bridge, is similar to the
phase diagram obtained for two-dimensional version of this problem. The oexistene line
is an inreasing funtion of the ontat angle θ, and it meets the bulk oexistene line tan-
gentially at the value of the ontat angle θ∗(ϕ) orresponding to the lling transition. We
provide numerially obtained plot of π/2 − θ∗ versus ϕ whih points - at least for small ϕ
values - at linear dependene with prefator 1. We also note that the partiular value θ∗ = 0
orresponding to wetting is obtained not for ϕ = π/2 but for smaller value ϕ = ϕ0 = 1.42.
In the presene of non zero line tension values, in partiular negative ones, the shape of
the oexistene line hanges substantially. For negative values of line tension oeients the
oexistene lines exhibit loal minima and reapproah the bulk oexistene (µ = µ0) for tem-
peratures lose to Twi. In addition we analyzed the size of the bridge present in the system and
displayed its dependene on system parameters. Our investigations are limited to marosopi
bridges and to situations in whih line tensions are treated as onstants, i.e., do not depend
on the thermodynami state of the system. The requirement that the harateristi lengths
of this problem are larger than the bulk orrelation length redues the range of parameters at
whih reliable onlusions an be drawn; this is depited on Figs 9-11.
A more detailed analysis based on the apillary Hamiltonian [25℄, [26℄ might allow one to
estimate the role of utuations on the formation and stability of liquid bridges investigated
in this paper. We also point at diulties related to suh mesosopi formulation of the bridge
formation problem.
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analytially. The funtion f¯(z) annot be presented in algebrai form as for the two
dimensional problem [27℄.
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Figure 1: A liquid-like bridge (l) surrounded by the gas phase (g) onnets the planar (1) and the
onial (2) substrates.
Figure 2: The shapes of bridges in two- (solid lines) and three-dimensional (broken lines) ases
for spei hoie of parameters ϕ = π/6, θ1 = θ2 = π/6, τ˜1lg = τ˜2lg = 0, and (a) λ = 10h, (b)
λ = 50h, () λ = 100h. The variables r and z are displayed in h units.
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Figure 3: The shemati phase diagram in variables µ − µ0 ( measured in σlg/∆ρh units) and
π/2− θ displaying the oexistene lines in three- (dotted lines) and two-dimensional system (solid
lines) of phases in whih the liquid bridge is present and absent, respetively, for the ase of
idential substrates (θ1 = θ2), vanishing line tension oeients (τ˜1lg = τ˜2lg = 0), and for dierent
values of the angle ϕ: (a) ϕ = 0, (b) ϕ = π/6, () ϕ = π/4.
Figure 4: The value of angle π/2−θ∗ at whih the lling transition takes plae as funtion of angle
ϕ. The broken line represents the results of numerial analysis desribed in the text for the ase
τ = 0; the solid line is obtained under the assumption that atenoid desribes the bridge's surfae.
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Figure 5: Coexistene lines orresponding to dierent values of line tension: (a) τ˜1lg = τ˜2lg = −2h,
(b) τ˜1lg = τ˜2lg = −h, () τ˜1lg = τ˜2lg = 0, (d) τ˜1lg = τ˜2lg = h, (e) τ˜1lg = τ˜2lg = 2h for spei hoie
of ϕ = π/6. The variable µ− µ0(T ) is measured in σlg/∆ρh units.
Figure 6: The values of line tension for whih the orresponding oexistene line intersets the line
(a) λ = λ1 = 10
3h (solid line), (b) λ = λ2 = 10
4h (broken line), () λ = λ3 = 10
5h (dotted line).
For λ → ∞ (µ = µ0) the resulting plot beomes vertial at π/2 − θ
∗
for positive τ . The opening
angle is xed at ϕ = π/6.
Figure 7: Numerial derivatives of the oexistene urve µ = µAFM(π/2 − θ) with respet to its
argument denoted as µ,AFM for dierent line tensions (τ˜1lg = τ˜2lg = τ˜): (a) τ˜ = −2h, (b) τ˜ = −h,(a)
τ˜ = 0,(d) τ˜ = h,(e) τ˜ = 2h for spei hoie of ϕ = π/6 and θ1 = θ2 = θ.
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Figure 8: The oexistene lines orresponding to xed τ = 1a.u. and for dierent heights: (a)
h = 1a.u, (b) h = 2a.u., () h = 3a.u.. For τ = 0 the oexistene lines for dierent h are idential,
urve (d). The opening angle is xed and equal ϕ = π/6. The dierene µ−µ0(T ) is measured in
σlg/∆ρh units.
Figure 9: The bridge's width ℓ in ξ units (upper graph) and the orresponding phase diagram with
the oexistene urves (lower graph) displayed for parameter values at whih marosopi approah
is appliable, i.e., for ℓ ≥ 1 for dierent h-values: (a) h = 0.1ξ, (b) h = 0.3ξ, () h = 0.5ξ, (d)
h = 0.7ξ, (e) h = 0.9ξ. The angle ϕ = π/6 and τ = 0. The dierene µ − µ0(T ) is measured in
σlg/∆ρξ units.
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Figure 10: The bridge's width ℓ in ξ units (upper graph) and the orresponding oexistene urves
(lower graph) displayed only for parameter values at whih marosopi approah is appliable for
dierent angles: (a) ϕ = 0.5, (b) ϕ = 0.7 and () ϕ = 0.9. The height h = 0.25ξ and τ = 0. The
dierene µ− µ0(T ) is measured in σlg/∆ρξ units.
Figure 11: The bridge's width ℓ in ξ units (upper graph) and the orresponding oexistene urves
(lower graph) displayed for parameter values at whih marosopi approah is appliable (b) for
dierent values of line tension: (a) τ = −0.2ξ, (b) τ = −0.1ξ, () τ = 0, (d) τ = 0.1ξ, (e) τ = 0.2ξ.
The height h = 0.1ξ and ϕ = π/6. The dierene µ− µ0(T ) is measured in σlg/∆ρξ units.
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